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Abstract-An exact elasto-plastic analytical solution for a finitely deformed plane strain wide plate
of elastic linear-hardening material subjected to pure bending is derived in this paper using a
tensorial formulation. This solution is based on a finite-strain version of Hencky's deformation
theory, the von Mises yield criterion and the incompressibility assumption. The Hencky (log­
arithmic) strain tensor is adopted to measure the finite deformations, with the undeformed flat plate
as the reference configuration. The constitutive relations are derived in tensor form using the Hencky
strain and the Cauchy stress. With both the linear--elastic and strain-hardening-plastic material
responses included, the present solution can represent the whole bending process of the plate from
its initial flat state to its final curved state with arbitrarily large deformation. It is shown that this
solution exhibits general characteristics, from which three specific solutions of practical value can
be obtained. Being expressed in both tensor and component forms, the present exact solution for
the stress and strain fields furnishes a new and systematic analytical pattern for the elasto-plastic
analysis and strength design of a strain-hardening wide plate subjected to large-deformation pure
bending.

I. INTRODUCTION

Sheet metal forming by bending has wide applications in manufacturing industries. Almost
all cylindrical pressure vessel shells are made from flat sheet metals (wide plates) by
sequential bending using specially designed machines. Therefore, it is of great importance
to have a better understanding of the stress and strain fields within the deformed plate
during the whole bending process.

The simple case of a plane strain wide plate subjected to pure bending has long been
an interesting research topic in this field. Since such a bending problem involves large
deformations and the plate material exhibits linear-elastic, strain-hardening-plastic charac­
teristics, an appropriate theoretical analysis for this kind of problem should be based on a
finite deformation elasto-plastic model and should account for both the elastic and strain­
hardening-plastic responses of the material.

However, owing to the mathematical difficulties arising from the coupled geometric
and material non-linearities, such a systematic and complete analytical solution has, to the
author's knowledge, not yet been reported. It seems that the principal theoretical solutions
available for the plane strain pure bending problem, some of which were summarized in a
recent monograph by Lubliner (1990), are all subject to some restrictions. For example,
the solution obtained by Lubahn and Sachs (1950) was a fully plastic non-hardening
solution and also a small-deformation solution with engineering strain adopted in the
analysis; the solutions for the stress and displacement fields presented in Shaffer and House
(1955, 1957), respectively, were based on an elastic-perfectly plastic material model and
infinitesimal strain assumptions; in Denton (1966) the work-hardening behaviour of the
material was included and the Prandtl-Reuss incremental theory was used to derive an
elasto-plastic solution. However, this solution was only valid for small strains (up to 2%)
and for very thin plates. Unlike these solutions, in Chen's (1962) solution logarithmic
strains were applied to account for finite deformations of the plate and a power-law
hardening model was used to represent the strain-hardening effect of the material, but the
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elastic response of the plate was excluded and also no strain-displacement analysis was
carried out. In addition, as with the above-mentioned solutions, all analyses in Chen
(1962) were relative to an unspecified curved plate which might be regarded as a reference
configuration. As a result, this solution, like others, could not represent the deformation
process of the plate from its initial flat state to this "undeformed" curved state. Besides
these restrictions, it must also be noted that all these solutions were actually obtained by
treating the pure bending problem as a statically determinate problem of plasticity theory,
where the stress components were derived using only the equilibrium equations and chosen
yield criterion, with no use being made of the constitutive equations. Consequently, the
associated strain-displacement solutions, if any, should have been subjected to the com­
patibility equations for further checking.

The only elasto-plastic solution of the plane strain pure bending problem that is within
the framework of finite deformation plasticity and with the unstressed flat plate as the
reference configuration is due to Triantafyllidis (1980), which was concisely reported as a
prebifurcation solution. This solution was based on an elastic power-law hardening material
model [different from the pure power-law model used in Chen (1962)] and a finite-strain
version of J 2 deformation theory. However, since this stress solution was expressed in terms
of the curvature of the unstretched fibre layer with fixed length (i.e. the neutral surface)
which remained unknown, it is not a complete solution even for that specific material model.
Therefore, more satisfactory solutions that can deal with the whole finite deformation
plate bending process and account for both the linear--elastic and strain-hardening-plastic
material responses as well as be convenient to use in engineering design are still needed.

The present study attempts to fulfil this need. In Section 2, a finite deformation analysis
is carried out by using the initially undeformed flat plate as the reference configuration.
Incompressibility is assumed to facilitate the kinematic analysis, and the Hencky (log­
arithmic) strains are adopted to measure the finite deformations. This is followed by the
development of the constitutive relations required to solve the deformation problem in
Section 3. Here an elastic linear-hardening material model is applied, and a finite-strain
version of Hencky's deformation theory is presented in tensor form. Following these
preliminary considerations, the boundary-value problem is formulated in Section 4 and
then solved in a systematic manner to obtain the elasto-plastic stress and strain fields. Both
finite deformations and elastic-plastic material responses are considered in this formulation
and, as a result, the solution can represent the complete elasto-plastic plate bending process,
i.e. from its initial flat state to its final curved configuration with arbitrarily large curvature
(but without bifurcation).

Section 5 is devoted to extensions and applications of the solution. Three specific
solutions of practical value are presented as special cases of the general solution. Also, some
numerical results are provided in this section and a few useful conclusions are drawn from
these results as well as from the analytical expressions. In the last section, several conclusions
are presented concerning the analytical developments described in the paper. Moreover,
the limitations of the solution, which require further investigation, are indicated in this
section.

2. KINEMATICS OF FINITE DEFORMAnON

To derive the kinematic relations of the problem, we need to decide on a deformed
configuration as well as a reference configuration with respect to which the deformation is
measured. For the plane strain pure bending problem with large deformations but no strain
hardening, it has been shown analytically by Hill (1950), on the basis of a displacement
field analysis of a fully yielded wide plate, that during the bending process: (l) the cross­
sectional planes remain plane, (2) a layer of radius r (a ~ r ~ b) turns into a cylindrical
surface, and (3) the plate thickness remains unchanged. Based on this work, we assume
that for the strain-hardening pure bending problem, which is physically similar to the
former, the first two points are still valid while the last point is no longer effective. With
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these arguments, we can then use the configurations shown in Fig. 1 for our purpose, where
the deformed configuration, Fig. l(b), is part of a cylindrical shell (either thin- or thick­
walled).

The kinematic analysis of such a problem may be found in most standard texts or
treatises [see, for example, Ogden (1984)]. To emphasize the present differences and to
facilitate our analysis, it is reformulated here.

We adopt a semi-inverse approach by taking r = f(X) , () = g(Y), z = Z for the plane
strain problem at hand, where (X, Y, Z) and (r, (), z) are the Lagrangian and Eulerian
coordinates of a material point, respectively. The mapping X -+ r, i.e.

r = rer((}) +zk, r = f(X), () = g( Y), z = Z,

k = e3; a ~ r::::;; b, -11.::::;; (}::::;; 11., - W::::;; z::::;; W (1)

represents the deformation specified in Fig. 1, where 2T, 2L, and 2W are the initial plate
thickness, length, and width respectively; and a, b, and 211. are, respectively, the concave,
convex radii, and the bending angle of the plate in the deformed configuration. The
deformation gradient F, defined by dr = FdX, can then easily be shown to be

(2)

where the prime denotes differentiation with respect to the argument of the function. This
may be rewritten as

(3)

where

(4)

is a (rigid-body) rotation (or proper orthogonal tensor), i.e. R ~ 1 = R T
, det R = + 1.

Noting thatf'(X) > 0, g'(Y) > 0 as well as r ~f(X) > 0 have been imposed in eqn
(1) to maintain the prescribed boundary correspondence, we then have det F > 0 and thus
the polar decomposition of F given by

-T

y

L

-L

y

x

x

(a) Reference configuration (b) Deformed configuration

Fig. 1. Deformation geometry. (a) Reference configuration; (b) deformed configuration.
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F = RU = VR. (5)

The uniqueness of the decomposition then requires from eqns (3) and (5) that

(6)

This is the spectral representation of the right stretch tensor (ofF). As a Lagrangian tensor,
U is known to be the fundamental element of all Lagrangian strain tensors represented by
the general form (U'" - I)/m, with I the identity tensor and m any real number.

From eqns (4)-(6) it follows that

v =f'(X)e, ® e,+f(X)g'(Y)ee ® ee+k ® k. (7)

This is the spectral representation of the left stretch tensor (of F). Similarly, it is known
that V, as an Eulerian tensor, is the essential component of all Eulerian strain measures
represented by (V"'-I)/m. In particular, when m = 0, this yields, by a suitable limiting
process, the result

H = InV, (8)

which is known as the Hencky (logarithmic) strain. Since In V is coaxial with V and has
principal values In).; (i = 1, 2, 3), with A; the principal stretches of V (Ogden, 1984), we
then have the general spectral representation of the Hencky strain measure as

3

H = I (In A;)Vi (8) Vi,
i= 1

(9)

where V; (i = I, 2, 3) are the principal vectors of V. Being additive in measurements,
identical in compression and tension tests and convenient in expressing the incompressibility
condition (Mendelson, 1968), this strain measure is well known and has been widely used
in metallurgical and material engineering, where it is regarded as the "natural strain" or
"true strain" [see, for example, Nadai (1937)].

For the present problem, the Hencky strain is of the form

H = Inf'(X)e, ® e,+ln [f(X)g'(Y)]ee ® ee, (10)

which is obtained from eqns (7) and (9).
Since the principal vectors {e j , i = I, 2, 3} of U are essentially fixed in the present

problem (see Fig. I), it can be concluded [see Fitzgerald (1980); Gurtin and Spear (1983)]
that the simple additivity of the Hencky strain measure exists in this case for arbitrarily
large deformations. Consequently, this measure can effectively be applied to represent the
additive total strain required to formulate the finite-strain deformation theory in the next
section.

To measure the deformation of a material element using H, we require explicit
expressions of the principal stretches Aj • To this end, we assume that the material is
incompressible. It then follows that

J == detF = 1, (11 )

where J, as defined, is the local ratio of current to reference volume of a material volume
element. Now using eqns (5) and (6) in eqn (II) yields

which implies that

f'(X)f(X)g'(Y) = 1, (12)
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I
f'(X)f(X) = g/(Y) = C,

1361

(13)

with C a constant. This set of uncoupled ordinary differential equations, subject to the
kinematic boundary conditions specified in eqn (I), can easily be solved. The solutions are

(14)

where the undetermined constants a and IX together with b are related by the constraint
condition of global volume incompressibility, i.e.

(15)

Now it follows from eqns (14) and (10) that the Hencky strain for the present problem is

or in components

(16)

Bz = k·Hk = 0, (17)

where IX, as a parameter, will be determined in Section 4 from the natural boundary
conditions.

Once the parameter IX is known, the strain field for any deformed configuration will
readily be obtained from eqn (17). To determine IX, however, we have to resort to the natural
boundary conditions. Hence, we need to know the stress field first. To this end, we are
required to find the constitutive equations which relate the material stress responses to the
deformations produced by external factors (forces).

3. CONSTITUTIVE RELATIONS

For an elasto-plastic material there are two kinds of constitutive law, i.e. deformation
theories and incremental theories. Since the plastic deformation of a work-hardening
material is an irreversible process, the strain state of any material element in the plastically
deformed configuration may depend on the entire loading history as well as on the final
stress state of the element. Therefore, an incremental theory which relates increments of
plastic strain to stress increments and stress history is required to represent such a plastic
deformation. However, for the case of proportional loading an incremental theory can be
reduced to a deformation theory by integrating along the loading path. Then deformation
theories are valid for this particular case. For the present incompressible elasto-plastic plane
strain problem with B6+B, = °and Bz = 0, there exist the proportional relations B61B, = -I,
BzIB6 = °= BzIB, during the whole bending process. This implies that Hencky's deformation
theory can effectively be employed to solve the present plane strain finite deformation
problem.

Naturally, different kinds of material have different stress responses no matter which
kind ofconstitutive law is employed. For our present purpose ofderiving an exact analytical
solution for the finite deformation elasto-plastic problem, a material with the true uniaxial
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Fig. 2. True uniaxial stress-strain relation of the material.

stress-strain curve shown in Fig. 2 is adopted. This kind of material, which is different from
the elastic power-law hardening material model used in Triantafyllidis (1980) as well as
from the pure power-law hardening model applied in Chen (1962), is known as the elastic
linear-hardening material. It may be characterized by

B > B"
(18)

where U" Bs are the yield stress and strain, respectively, with Bs = usIE; E is Young's
modulus; and E I is the tangent modulus. Experiments have shown that eqn (18) can be
used to represent the stress-strain relations of many high-strength steels, such as modified
4330 steel (U.S.A.), 40CrNi3MoV steel (China) and 30SiMnMoVA steel (China) [see Gao
(1993) for further references].

For complex stress and strain states, we may, on the basis of the "unique curve"
hypothesis, modify eqn (18) to

(19)

where Un Be are the effective stress and strain, respectively.
According to their definitions, an elastic-plastic material subjected to monotonic

proportional loading, where deformation theories are applicable, is equivalent to a Cauchy
elastic (hypoelastic) material, or a Green elastic (hyperelastic) material if it has smooth
stress-strain curve which may be represented by a differentiable strain energy function (e.g.
Ludwik-type pure power-law hardening elastic-plastic material). Hence, the deformation
problem of a rate-independent elastic-plastic material (e.g. metals at room temperature)
can be treated in a similar way to that of a non-linear elastic material. To form the
constitutive relations for the finite deformation elasto-plastic problem in the context of
finite elasticity theory using deformation theories of plasticity, we need an appropriate
strain measure and its conjugate stress. As argued in the preceding section, the Hencky
strain H, which retains its additivity for arbitrarily large deformations in this case, is
adopted here as the desired strain measure. It has been shown by Hoger (1987) and
Lehmann et at. (1991) that for an isotropic elastic material, where the Cauchy stress (J and
the left stretch tensor V are coaxial, the stress conjugate to the logarithmic (Hencky) strain
In V is the Kirchhoff stress J(J. In particular, for an incompressible material with J = 1 this
reduces to the Cauchy stress (J. This is what is required for an Eulerian formulation of the
boundary-value problem. Consequently, (J is adopted here as the conjugate stress of H.

For an isotropic incompressible elasto-plastic material with Poisson's ratio v = 1/2,
the Hencky deformation theory for small strains may be expressed as [see, for example,
Mendelson (1968)]
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where Sij is the deviatoric stress defined by
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(20)

(21)

with p the hydrostatic pressure and oij the Kronecker delta. By using eqn (21), we can invert
eqn (20) to give

(22)

Now replace Bij by the Hencky strain H, uij by the Cauchy stress (1 and pOij by -pI.
Here the negative sign is introduced to ensure consistency with standard notation used in
continuum mechanics texts. For example, in Truesdell (1977) the incompressibility con­
straint stress N is expressed as N = -pI using an arbitrary Lagrangian multiplier - p,
"the constraint pressure", rather than p, the hydrostatic pressure, defined in eqn (21).
Consequently, we obtain the tensorial representation of the Hencky deformation theory for
finite strains as

2 Ue
(1 = - -H-pl,

3 Be
(23)

with the expressions of the effective stress Ue and strain Be in this equation depending on the
yield criterion as well as on the stress-strain curve to be used. Here the identity tensor I has
the form

(24)

Equations (23) and (19) consist of the constitutive relations required to solve this problem
with Be (and/or ue) to be further specified.

When comparing eqn (23) with eqn (22), it is apparent that the only difference between
these two different versions of Hencky's deformation theory is simply the Eulerian descrip­
tion vs Lagrangian description, though the Eulerian strain measure is the Hencky strain
H = In Y rather than the most commonly used left Cauchy-Green strain B = y 2 or
Almansi strain Ea = (I-B- 1)/2 (Ogden, 1984) in finite elasticity theory. The use of the
Hencky strain H in component form in conjunction with Hencky's deformation theory for
large deformation problems can be traced back to the early 1940s (MacGregor, 1948),
where a closed-form finite deformation solution was obtained for a rigid-perfectly plastic
closed-end (plane strain) cylinder. Recently, two exact finite deformation solutions for the
elastic linear-hardening thick-walled cylinder (closed-end) and sphere were derived in Gao
(1993, 1994), respectively, using the same theory and strain measure as those applied in
MacGregor (1948), but in the Lagrangian formulation and with elastic large deformations
included. The first systematic formulation for the finite-strain version of deformation
theory, which was expressed in terms of the Lagrangian logarithmic strains and written in
component form, was given by Hutchinson and Neale (1981), where several related theor­
etical problems were also discussed. This deformation theory was recently employed by
Hou and Abeyaratne (1992) in tensor form.

4. FORMULATION OF THE BOUNDARY-VALUE PROBLEM

For a high-strength metal plate subjected to pure bending, as shown in Fig. 1(b),
plastic yielding may start from the convex and/or concave surface and then expand inward
to form two plastic zones. This happens only when the bending moments have reached
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certain critical values (called the elastic limit end moments in the next section) and continue
to increase thereafter. Hence, we may assume that under some moments M the whole plate
has already been finitely deformed to large curvature, whereas the plate material has only
yielded near the convex and concave surfaces. From this point of view, it follows that the
deformed plate may be divided into three adjacent domains: the large-deformation plastic
domain I (c] ~ r ~ b), the elastic domain (cz ~ r ~ ca and the large-deformation plastic
domain II (a ~ r ~ cz) (see Fig. 3), which may be solved separately, as was done previously
in Gao (1993, 1994) but in a different context. Here the two elasto-plastic interfaces are
also taken to be cylindrical surfaces coaxial with the concave and convex cylindrical surfaces
from symmetry, with c I, C2 the interface radii and Pc" Pc, the associated interface pressures.
Similarly, the neutral surface for which the fibre length remains unchanged is also a
cylindrical surface of radius Pn coaxial with the two outer surfaces. To derive a general
solution, we further assume that the neutral surface is within the elastic domain, i.e.
cz ~ Pn ~ C 1> to allow for the purely elastic case.

Using the assumptions and analyses developed thus far, the finite deformation elasto­
plastic problem can now be formulated as three separate boundary-value problems and
solved analytically.

4.1. Solution for plastic domain I (c] ~ r ~ b)
This domain is within the positive side of the neutral surface (i.e. Pn ~ c\ ~ r ~ b) in

which fibres are momentarily extended, so that the strains in the domain are such that
eo ~ 0 and er ~ O.

The basic equations, which embody the finite-strain version of Hencky's deformation
theory and von Mises' yield criterion, are as follows: the equilibrium equations (no body
forces)

diva = 0,

the kinematic (geometrical) equations

y

Fig. 3. Elastic and plastic domains of the deformed plate.

x

(25)
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the constitutive equations

2 a,
tI = - -H-pI

3 I:e '

1365

(26a, b,c)

(27)

(28)

where the effective strain 6" which is a positively increasing function of strain, is chosen to
be associated with the von Mises yield criterion. For this case with I:z = 0 and 1:9 = -1:, > 0,
the effective strain is

The boundary conditions are

t(e,)I'=b = 0,

(29)

(30a, b, c)

where t, defined by t(m) = tim, is the traction vector associated with the normal vector m.
Equations (25)-(30) define the determinate boundary-value problem in the plastic

domain I (c, :::; r:::; b). It should be noted that no compatibility equations appear here. The
reason for this is that the strain components in eqn (26), as logarithmic functions of the
principal stretches Ai, measure uniquely the deformation of the plate with the parameter IX
known (Hutchinson and Neale, 1981). This ensures that the strain components are them­
selves compatible.

Now this system ofequations can be solved in the following manner. Substituting eqns
(28), (29) into eqn (27) and using eqn (26c) will result in

(31)

These are the constitutive relations of the present problem based on the finite-strain version
of Hencky's deformation theory and von Mises yield criterion. Inserting eqn (31) into eqn
(25) gives

gradp = ~ [ E, + f as( 1- i }n-1(I r) JdiVH

+HgradH[EI + f as ( 1- i )In-{I r) J}. (32)

Substituting eqn (26) into this equation and carrying out the algebraic manipulations, we
finally obtain

dp 2[ J3 ( E 1
) -l(IX)J- = - E 1+ - a 1- - In - r

dr 3 2 S E L

$AS 31: 10-C
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This equation may be regarded as the basic governing equation for the boundary-value
problem in question.

Integrating eqn (33) from b to r gives the hydrostatic (constraint) pressure as

(34)

where pCb) is determined from eqns (30a) and (31) as

(35)

With per) known, it then follows from eqns (31) and (26) that the Cauchy stress is

a = ~ [E 1 + f rrs ( 1- i )In- '(I r ) J[ -In (Zr)er ® er+ln (Zr)eo ® eoJ-p(r)I,

(36)

or in component form

I ( E 1
) 2 (a )rr =e °ae = ---rr. 1-- -~EIln -r -per)r r r )3' E 3 L '

1 ( E 1) 2 (a )rre=eo'aeo= )3rrs 1--£ +3E1ln Zr -per),

rrz = koak = -per), (37)

where per) is given in eqn (34).
Equations (36) and (37) together with eqns (16) and (17) represent the general solution

for the plastic domain I (c 1 ~ r ~ b), with IX and b acting as undetermined parameters. To
determine a and H, we still need to find the parameters in terms of known geometrical
quantities L, T, and W, and material constants rr" E, and E\. These relations can be derived
from the natural boundary conditions.

Equation (30c) together with eqns (28), (29), and (26c) gives

ICI = exp (fe)
which establishes the first relation required.

The use of eqn (30b) in conjunction with eqn (36) yields

(38)

(39)

After eliminating Pc, this equation provides another relation to solve for the unknown
parameters. To do this, however, we need to know the adjacent elastic domain solution as
well as the plastic domain II solution.

4.2. Solution for plastic domain II (a ~ r ~ cz)
This domain is within the negative side of the neutral surface (i.e. a ~ r ~ Cz ~ Pn) in

which fibres are momentarily compressed, so that the strains in the domain are such that
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eo :::;;; 0 and e, ~ O. This will result in an expression of the effective strain different from that
of the plastic domain I, but all of the other governing equations remain the same.

Now using the effective strain associated with the von Mises yield criterion, i.e.

and the boundary conditions

-t(e,)I,=a = 0, t(e,)I,=c, = -pc,e"

(40)

(41a, b, c)

to replace eqns (29) and (30), respectively, the boundary-value problem for determining
the solution for the plastic domain II (a :::;;; r :::;;; cz) will be formed with eqns (25)-(28) and
(40), (41). This problem can be solved by using the same procedures as for the boundary­
value problem in the plastic domain I.

The solution gives the Cauchy stress as

a=~[EI- f as(l- i}n-1(Ir)][-In (Ir)e,®e,+ln(Ir)eo®eo]-p(r)I,

(42)

or in components

(43)

where the hydrostatic (constraint) pressure p(r) is

p(r) = fias( 1- i)- ~Elln (I a)+ ~ {fias(1- i )-E1[1 +In (~: ra)J}ln~,

(44)

where use of the boundary condition, eqn (41a), has been made.
Equations (42)-(44) together with eqns (16), (17) represent the general solution for

the plastic domain II (a :::;;; r :::;;; cz), with a and a acting as parameters to be determined.
Now apply the remaining two boundary conditions of this boundary-value problem.
From eqns (4Ic), (28), (40), and (26c), it follows that

(45)

which gives the second relation required.
Substituting eqns (42) and (44) into eqn (41b) results in
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(46)

This expression for the interface pressure Pc, will be used in deriving the elastic domain
solution.

4.3. Solution for the elastic domain (c 2 :::; r :::; CI)

Using the same basic assumptions as those used to determine the solution for the
plastic domain I, and the following constitutive equations

(J = 1EH-pI,

and the boundary conditions

(47)

(48)

-t(e,)!,=c, = pc,e" t(e,)!,=c, = -pc,e, (49a, b)

to replace eqns (27), (28), and (30), respectively, the boundary-value problem to determine
the solution for the elastic domain (C2 :::; r :::; CI) will be formed with eqns (25), (26) and
(47)-(49). This problem can also be solved by following procedures similar to those used
for solving the boundary-value problem in the plastic domain I.

The solution gives the Cauchy stress as

or in components

(50)

az = -p(r), (51)

where the hydrostatic (constraint) pressure p(r) is

where use has been made of the boundary condition in eqn (49a) as well as of eqn (46).
Equations (50)-(52) together with eqns (16), (17) represent the general solution for

the elastic domain (C2 :::; r :::; CI), with a, IX, and C2 as the parameters to be determined from
the natural boundary conditions.

Substituting eqns (50) and (52) into eqn (49b) will yield

Pc, =~Eln(fcl)+~[ J3as(l- i)-Elln(~ZzC2a)}n~

- ~ E{ln (fC2)+ [1 +In (~: clcz)}n~J (53)

Then eliminating Pc, from eqns (39) and (53) results in
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(54)

This equation provides the third relation to determine IX, a, b, c], and C2'

The incompressibility constraint condition given in eqn (15) furnishes a fourth relation.
The fifth and last equation for determining the unknown parameters is derived from

the only remaining global natural boundary condition given by

(55)

where I: denotes the area of the end cross-section: a :;;; r :;;; b, - W:;;; z :;;; w, 0 = IX; M
represents the end moments (i.e. the moment couple) required to maintain the specified
deformation; and r = re,(O) + zk is the position vector of a material point relative to 0 I in
Fig. l(b).

Now substituting eqns (36), (42), and (50) into eqn (55) gives

where pp,,(r), PE(r), and pp,(r) are given by eqns (44), (52), and (34), respectively. After
some lengthy but straightforward algebra, eqn (56a) turns out to be

while eqn (56b) yields

M 1 h ( El){ 2 (b cz) I z z z z}- = -y 3lTs 1- - Cl In- -In- + -[(b -cI)-(cz-a)]
2W 3 E CI a 2

+Cr [In (~: bC1)ln: +In (~: cza)In ~J- ~ [(bZ-cD + (c~-aZ)]}

(58)
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Obviously, since Cj > 0, eqn (57) is identically satisfied as long as eqn (54) is met. This result
is actually a physical consequence of the traction-free boundary conditions which have been
used in eqns (30a) and (4la), as was shown by Hill (1950) for a fully yielded rigid~perfect1y

plastic plate in pure bending. Consequently, eqn (58) alone provides the fifth relation needed
to determine the unknown parameters.

Combining eqns (15), (38), (45), (54), and (58) leads to the system of equations for
determining the unknown parameters IX, a, b, c" and C2' This system may be written in the
form

ICj = exp (f B}

IC2=exp ( - feJ

M
2W = right-hand side of eqn (58), (59a, b, c, d, e)

where the fourth equation is the simplified version ofeqn (54) resulting from the substitution
of eqns (38) and (45) [i.e. eqns (59a,b)]. From eqn (59d) it is clear that the convex and
concave surfaces yield at the same time, i.e. C2 = a whenever C 1 = b. This differs from what
was observed in Shaffer and House (1955) for an elastic-perfectly plastic wide curved plate
undergoing small deformations, but it can easily be shown that the present result agrees
with the physical deduction given in Triantafyllidis (1980) [see his eqn (2.12)] for an elastic
power-law hardening wide plate in the presence of large deformations. It may therefore be
concluded that this is a general result for all plane strain wide plates of elastic-strain­
hardening-plastic materials subjected to finite deformation pure bending. By solving this
set of non-linear algebraic equations, we obtain the values of IX, a, b, C I, and C2' The solutions
of this system, which are obtained by taking 4> = c21a as known a priori, are

4>3 expGJ3es)

b = 4T-----;=~­
4>4 exp (2J3es ) - 1 '

4>2 exp GJ3es )

CI = 4T .,
4>4 exp (2J3es ) - 1

(60)

where 4> is chosen in such a way that eqn (5ge) is satisfied by the parameters a, b, IX, C"

and C2 so determined. For given end moments M as well as known geometrical constants
T, L, Wand material properties as' E, and E" 4> may be found by solving the equation
resulting from substituting eqn (60) into eqn (5ge) using an iteration procedure (e.g. the
Newton-Raphson method). On the other hand, if one of these parameters is given, then ¢
as well as the other parameters can be determined from eqn (60), i.e. the deformation
becomes known. Alternatively, eqn (5ge) can then be used to calculate the end moments
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M required to maintain this deformation. Some numerical results will be given in the next
section using the latter approach.

For the deformation associated with the end moments M, determined from eqns (5ge)
and (60), the corresponding stress distributions in the plastic domain I (CI ~ r ~ b), the
elastic domain (C2 ~ r ~ c 1), and the plastic domain II (a ~ r ~ C2) can easily be calculated
from eqns (36) and (37), eqns (50)-(52), and eqns (42)-(44), respectively. The strain
distributions in all of the three domains can be determined from eqns (16) and (17).

5. ANALYSES AND APPLICATIONS OF THE SOLUTION

From the analytical expressions of the general solution obtained in the preceding
section, some specific solutions may now be derived. Numerical results are also provided
here to show the applications of the solution.

5.1. Solution for an elastic-perfectly plastic wide plate
When £1 = 0, eqn (18) characterizes the stress-strain relation of an elastic-perfectly

plastic material.
Let £1 in eqn (36) be equal to zero; then, the Cauchy stress in the plastic domain I is

found to be

(61)

where per) is obtained from eqn (34) with £1 =°as

(62)

In component form, eqn (61) becomes

(63)

Similarly, the Cauchy stress in the plastic domain II follows from eqn (42) with £1 = 0 as

(64)

where per) is obtained from eqn (44) with £1 = 0 as

(65)

If expressed in component form, eqn (64) gives

In the above equations b, a together with IX, CI and C2 are given by eqn (60), with ¢
determined by the following equation resulting from eqn (5ge) with £1 = 0:
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where a, b, <x, Cband Cz are to be substituted from eqn (60).
With iX, a, and Cz so determined, it then follows from eqns (50) and (51) that the

Cauchy stress in the elastic domain is

or in component form

(68)

ao == ~ Eln (Zr)-p(r), az = -p(r), (69)

where the hydrostatic (constraint) pressure p(r) is obtained from eqn (52) with E 1 = 0 as

2 Cz 2 { (<x ) [ (<xZ)J r }p(r)=-a,ln---E In-cz + 1+ln-rc2 In--.fi a 3 L L Z
Cz

(70)

Equations (61)-(70) together with eqn (60) represent an exact finite deformation
elasto-plastic solution for an elastic-perfectly plastic wide plate subjected to pure bending.
In particular, when c I = Cz == C= Pn, i.e. the limiting case of fully yielded plate, this specific
solution reduces to the fully yielded solution given by Hill (1950) for a rigid-perfectly plastic
wide plate. However, no deformation analysis was included in Hill (1950), where the
parameters a, b, and iX were simply regarded as known a priori instead of determining them
from both the kinematic and natural boundary conditions. It is of particular interest to
note that when c 1 = C2 = C eqn (67) reduces to

(71)

which is identical with that given in Hill (1950). However, it should be pointed out that
since the current plate thickness (b-a) is, in general, not equal to the initial thickness 2T,
we are not entitled to say that the end moments M are independent of the amount of the
plastic bending as was concluded in Hill (1950), which might be only appropriate for small
deformations.

5.2. Solution for an elastic linear-hardening wide plate under its plastic limit end moments
When the extent of the elastic domain (C2 ~ r ~ CI) near the neutral surface becomes

negligibly small under sufficiently large end moments, we may regard the plate to be in a
fully yielded state with CI Cz. Consequently, the end moments withstood by the plate in
such a state are called the plastic limit end moments of the finitely deformed plate, denoted
by Ml:,ax.

Let CI = C2 = C in eqn (59); then
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--=-
4T a'

(72a, b, c)

with a, b, a, and c as well as M~ax satisfying the following equation obtained from eqn
(5ge) with CI = C2 = c:

M~ax I;; (E 1
) 2 I [2 (a) 2 (a) I 2 2 ]-- = -V 30" 1- - (b-a) + -E 1 b In -b -a In -a - -(b -a)

2W 6 S E 3 L L 2 '
(73)

where use has been made of eqns (72a) and (72c).
Equation (72a) implies that the neutral surface with Bo = 0 is identical with the elasto­

plastic interface in this limiting case, i.e. c = Pn for the fully yielded plate in pure bending.
Clearly, since eqn (72a) is a purely kinematic consequence, this result is valid for any finitely
deformed wide plate subjected to pure bending, Le. there are no restrictions on the material
model used. This may verify and generalize the hypothesis used by Hill (1950) for a rigid­
perfectly plastic plate. Equation (72c) yields c = (ab) 1/2, which was also used in Hill (1950).
Again, this relation is general, and not specific to plates of rigid-perfectly plastic material.

Similarly, by taking ¢ = cia as known a priori, eqns (72) and (73) can be solved to
give

¢
a = 4T¢4_1'

a I 2 _ 2

L = 4T(¢ -¢ ),
¢2

C= 4T¢4 _ 1' (74)

where ¢ (¢ :# 1) is determined from eqn (73) after substituting eqn (74).
With the parameters determined, the stress and strain fields within the fully yielded

finite deformation plate (a :::; r :::; b) will readily be obtained from eqns (36), (37) and (16),
(17) for c :::; r :::; b and from eqns (42)-(44) and (16), (17) for a :::; r :::; c, respectively.

5.3. Solution for an elastic linear-hardening wide plate under its elastic limit end moments
When Cj = b, i.e. the convex surface of the plate yields, the end moments withstood

by the plate are called the elastic limit end moments of the finitely deformed plate, denoted
by M:"ax' Under these moments the concave surface also yields, i.e. C2 = a simultaneously,
as argued previously.

Let Cj and C2 in eqns (59a-e) be equal to b and a, respectively; then

4T a
(75a, b, c)

This system of equations can easily be solved to give

exp(fBS ) exp G}3Bs)

a=4T b=4T----~~--
exp (2}3Bs ) - I' exp (2J3Bs ) -1 '

f. = 4~[exp (J3Bs ) - exp ( - }3Bs )]' (76)

Then it follows from eqn (5ge) with Cl = band C2 = a that the elastic limit moments
are
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Table I. End moments for various specified deformations

2T (JJE E,/E {J, a b (', ('2 rx/L </J b-a 2nL/rx M/2W(J,

1.0 0.002 0.0 2.5 2.057 3.038 2.504 20496 004 1.213 0.981 15.71 0.278
0.2 4.406
0.5 10.60
0.8 16.79

1.0 0.002 0.0 5.0 4.527 5.522 5.009 4.991 0.2 1.l03 0.995 31.42 0.286
0.2 20417
0.5 5.612
0.8 8.807

2.0 0.002 0.0 2.5 1.733 3.606 2.504 2.496 004 1.440 1.873 15.71 1.013
0.2 29.62
0.5 72.52
0.8 liSA

2.0 0.002 0.0 5.0 4.114 6.077 5.009 4.991 0.2 1.213 1.963 31.42 1.112
0.2 17.62
0.5 42.39
0.8 67.16

M~ax I J- 2 2 2 2 (77)2W = 6[ 3a,.{b +a )-E(b -a )],

where use has been made of eqns (75a) and (75b). Obviously, by definition, when
M > M~ax the finitely deformed plate will be in an elastic-partially plastic state.

With the parameters known, the stress and strain fields within the finitely deformed
elastic plate (a::s; r::S; b) will easily be determined from eqns (50)-(52) and (16), (17).

Since this is a purely elastic solution with only the two outer surfaces yielded, it is also
applicable to elastic non-linear-hardening plates undergoing large deformations. Moreover,
it is clear that this solution is a closed-form one.

If we set rx = 2n and view rx/L instead of rx as a parameter in the expressions derived
so far, the general solution as well as the resulting specific solutions will represent the
important case of the bending of a flat plate into a cylindrical shell. Consequently, the initial
length L of the plate required to form such a cylindrical shell will be obtained from the
parameter finally determined. This is of particular value in pressure vessel technology.

Some numerical results are listed in Table 1 to show quantitatively the applications of
the solution.

In Table 1, T, a, b, CJ, C2, b-a, Pn and L/rx have dimensions oflength, rxlL has dimension
of (length)- I, M/2Was has dimension of (length)2 while as/E, E 1/E and cP are non­
dimensional. These numerical values were obtained from eqns (5ge) and (60) using a simple
PC computer code. The results listed under the column heading "2nL/rx" are the values of
the initial plate length required for forming cylinders of different neutral radii P..

As expected, the results in Table 1 show that the moment capacities of the plates with
the same deformations are strongly dependent on the strain-hardening effects of material:
the larger E 1/E, the larger M/2Was' It is also shown that different bending moments are
required for the plates with different values of thickness, which inherently correspond to
different deformations, to obtain the same neutral radius Pn: the larger 2T, the larger
M/2 Was. When comparing the values of MI2 Was corresponding to the elastic-perfectly
plastic material plates (E 1 = 0) with the same initial thickness 2T, we find that they are
different for different plastic deformations (i.e. cP is different), which result in different
values of the current thickness b - a. This implies that the end moments are dependent on
the amount of plastic bending rather than independent as argued in Hill (1950). It should
also be pointed out that the moment capacity of a strain-hardening material plate is
significantly larger than that of its elastic-perfectly plastic material counterpart, as shown
in the table. Therefore, the strain-hardening effect of material should be taken into account
in an actual design to make more efficient use of the material.

6. CONCLUSIONS

1. The present finite deformation elasto-plastic analytical solution for a strain-hard­
ening wide plate subjected to pure bending is derived by using the elastic linear-hardening
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material model to include the strain-hardening effect of the material, the logarithmic
(Hencky) strain to measure the large deformation of the plate, and a finite-strain version
of Hencky's deformation theory to represent the constitutive relations of the problem.

2. Being based on the elastic linear-hardening material model, as idealized as it is, this
solution has an additional use, viz. it may provide "benchmarks" for the validation of
computer codes which are usually employed to numerically solve more general problems
of this type. In such computer codes a known (arbitrary) stress-strain curve of an actual
strain-hardening material is typically modelled by a piecewise linear representation in
conjunction with a suitable iteration procedure (Owen and Hinton, 1980).

3. The finite-strain version of Hencky's deformation theory for an isotropic incom­
pressible elasto-plastic (non-linear-elastic) solid is derived in tensor form directly from its
small-strain counterpart by using the Hencky strain and the Cauchy stress, which has no
restrictions on the yield criterion to be used. The von Mises yield criterion is adopted in
this paper, which is generally regarded to be more accurate than the Tresca yield criterion,
the other most commonly used yield criterion (Johnson and Mellor, 1983).

4. The present solution can be reduced to other specific solutions. All of the three
specific solutions derived here are of practical value in engineering design. However, it
should be pointed out that the specific solution for the plate in a fully yielded state presented
in Section 5.2 is only an idealized one. From displacement continuity conditions, it follows
that there always exists a small-strain elastic domain near the neutral surface in the pure
bending process of an elastic-plastic plate no matter how large the bending moment couple
may be (Johnson and Mellor, 1983). Hence, this specific solution may only well represent
the case for which the size of the central elastic domain is negligibly small when compared
with the sizes of the two plastic domains. Nevertheless, it does provide an upper-bound
solution for the finite deformation pure bending of a wide plate of elastic linear-hardening
material.

5. The present solution, as an exact one, is subject to the assumptions of material
incompressibility, homogeneity and isotropy; no body forces acting; isotropic hardening;
monotonic loading without unloading; and edge effects negligible. For other cases, e.g.
unloading occurs after bending (Chen, 1962); bifurcations take place during bending
(Triantafyllidis, 1980); and the plate material is compressible (Eason, 1960; Budiansky,
1958), further investigations may be required with regard to the applicability of this solution.
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